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Abstract 
Corners among linear segments are normally smoothed in order to improve the CNC machining efficiency. The interpolation of the corner 
smoothing trajectories is important to guarantee high geometric accuracy and good dynamics performance. This paper proposes a two-stage 
interpolation algorithm for corner smoothing trajectories, which includes the off-line pre-processing stage and the on-line interpolation stage. 
The off-line pre-processing stage calculates the path lengths, and approximates the relation of spline parameters and spline lengths with 7th 
order polynomial splines within preset tolerance. The on-line interpolation stage generates interpolated drive commands with the trapezoidal 
acceleration profile, where chord errors and centripetal accelerations at transition corners are also constrained. Simulation and experiment 
results show that the proposed interpolation algorithm can improve the machining efficiency and satisfy the preset geometric error and 
dynamics constraints as well. 
© 2016 The Authors. Published by Elsevier B.V. 
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1. Introduction 
Due to velocity discontinuities at the linear segment 
junctions, corners among linear segments are normally 
smoothed with inserted splines in order to realize high speed 
CNC machining. The interpolation of the corner smoothing 
trajectories is important to guarantee high geometric accuracy 
and good dynamic performance. 
Trajectory interpolation normally contains three steps [1], 
i.e. feedrate scheduling, determining new path parameters, 
and calculating new setting positions. In the first step, the 
feedrate scheduling determines the new setting feedrate and 
path length according to the specified acceleration profile, for 
example the trapezoidal acceleration profile introduced by 
Erkorkmaz and Altintas [2]. The second step determines the 
new path parameter from the new setting path length. Finally, 
the new setting positions are calculated in the third step by 
submitting the determined new parameter into the spline 
function. For B- or NURBS spline trajectory, the third step 
can be easily implemented by the de Boor-Cox algorithm. 
However, to determine the new path parameter in the second 
step is not that straightforward because it is difficult to build 
the analytical function between the path parameters and the 
trajectory lengths. Hence, the approximation of Taylor series 
expansions is most commonly used [3-5]. However, feedrate 
fluctuations are inevitable because of the truncation errors 
caused by the approximated calculations. In order to improve 
the feedrate steadiness, a class of feedrate feedback schemes 
were proposed to compensate the feedrate fluctuations [6-8]. 
However, there is always a trade-off between the computing 
time and feedrate accuracy for such algorithms. 
This paper proposes a two-stage interpolation algorithm for 
corner smoothing trajectories, which includes the off-line pre-
processing stage and the on-line interpolation stage. The off-
line pre-processing stage approximates the function of spline 
parameters related to spline lengths with 7th order polynomial 
splines within a preset tolerance. Then the on-line 
interpolation stage generates interpolated path length 
parameters with the trapezoidal acceleration profile, where 
chord errors and centripetal accelerations at transition corners 
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are constrained, followed by substituting the are-length 
information into the spline or linear function to calculate the 
interpolated position coordinates. The effectiveness of the 
proposed interpolation algorithm is finally verified through 
simulations and experiments. 
The rest of the paper is organized as follows: Section 2 
develops the tool path interpolation algorithm for corner 
smoothing trajectories, followed by simulation verification in 
Section 3. The paper is concluded in Section 4. 
2. Interpolation algorithms of corner smoothing 
trajectories 
2.1. Brief introduction of the corner smoothing method 
The corner smoothing method using quintic B-spline is 
adopted in the paper. Details of the corner smoothing 
algorithm can be found in [9], while only the key equations of 
the B-spline function and the optimal control points are 
briefly introduced here. 
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Fig. 1. Tool path corner smoothing method using quintic B-Spline [9] 
The B-spline that is inserted between two liner tool path 
segments is defined by the basis  ,i pN u ,  1N   control 
points 
T
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For the quintic B-spline used in the paper, 5p  , 6N  . 
The basis  ,i pN u  are calculated based on the B-spline 
knowledge introduced by Piegl and Tiller [10], where the 
non-uniform knot vector is constructed as 
> @0 0 0 0 0 0 0.5 1 1 1 1 1 1U   to ensure symmetry across 
the angular bisector of the corner angle. 
As shown in Fig. 1, 1p , 2p  and 3p  are the end points of 
two adjacent linear segments. The seven control points 
0 1 6,  ,P P P  are evaluated based on the pre-defined position 
error tolerance limit limitH  and conditions for the acceleration 
and jerk continuity at the junctions between the linear tool 
path segments and the inserted spline segments. Equations of 
the control points are 
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, where D  is the angle 
formed by liner segments 2 1p p  and 2 3p p . Specific deriving 
process of Eq. (2) can be found in [9]. 
The inserted quintic B-spline calculated by Eq. (1)-(2) can 
guarantee that the first, second and third derivations at the 
junctions of the linear segments and spline segments are 
continuous, and the maximum position error is within the 
preset tolerance limit limitH . 
2.2. Off-line pre-processing 
The main function of the off-line pre-processing is 
calculating the path lengths of the spline and linear segments 
for their application in the on-line interpolation. The spline 
path length on the parameter interval > @,a b  is 
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where        2 2 2' ' 'dl f u x u y u z u
du
    . Because 
the analytical solution of Eq. (3) for a B-spline path is very 
complex, the path length is estimated numerically using 
Simpson’s rule with an adaptive bisection technique under the 
constraints of the preset error tolerance limits . The brief steps 
of the method are as follows: First, the Simpson’s rule is 
applied to approximate the displacement of interval > @,a b
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Next, the interval > @,a b  is split into two equally-sized 
intervals, denoted as > @1 1,a b  and > @2 2,a b , and Simpson’s rule 
is applied to both subintervals to obtain the lengths  1 1,l a b  
and  2 2,l a b . Given a specified error tolerance limits , if the 
condition       1 1 2 2 limit, , ,l a b l a b l a b s    is satisfied, 
then the approximation is within the given tolerance of the 
true displacement. If the condition is not satisfied, then the 
subintervals are further refined by dividing them into two, 
halving the tolerance value, and reapplying Simpson’s rule. 
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This procedure iterates until all subintervals satisfy the 
tolerance. Finally, the total path length is calculated by 
summing up the sub interval lengths. 
After the path length vector has been obtained, an adaptive 
procedure to build the function of the spline parameter related 
to the path length with multiple 7th order polynomials is 
performed, while maintaining the first, second and third 
derivatives continuity through the curve fitting. The seventh 
order polynomials used to fit the cumulative displacements 
 ,i iu l  are in the following form 
 
  7 67 6 0ˆ ...u l A l A l A     (5) 
 
If any single curve fails to achieve an acceptable value for 
the mean squared error (MSE) of approximation, the data 
points are split in half and the two curves are fitted. This 
procedure iterates until all the piecewise polynomials achieve 
an acceptable value. Similar methods of building the function 
of the spline parameters related to the path lengths were also 
introduced in [1, 11-14] for general B-spline or NURBS 
spline trajectories. 
Obviously, the path length of the linear segments can be 
easily obtained by calculating the distance between each two 
end points (see Fig. 1 for example) 
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Conversely, if the distance of one intermediate point 
related to the starting point of the linear segments is known, 
the coordinates of which can also be calculated easily 
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where 1iP  is a point on the liner segment 1 0p P , and 2iP  is 
a point on the liner segment 6 3P p . 1il  and 2il  are the 
corresponding distances of 1iP  and 2iP  related to starting 
points 1p  and 6P  respectively. 
2.3. On-line interpolation algorithm 
Based on the calculated length of the spline and linear 
segments in the off-line pre-processing stage, the trapezoidal 
acceleration profile introduced in [2, 15] is adopted to 
generate displacement command  l t  as a function of time t  
with constant interpolation period sT . 
During the interpolation process, chord errors at transition 
corners need to be constrained in order to guarantee the 
geometric accuracy of the interpolated trajectory. As shown in 
Fig. 2(a)ˈ U  is the curvature radius of the smoothed corner 
splineˈ tl  is the chord length, then the chord error should 
satisfy 
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where limitc  is the chord error tolerance. Then the tangential 
feedrate f  at transition corners with the chord error 
constraints should satisfy 
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Fig. 2. Illustration of chord error and centripetal accelerations constraints:  
(a) chord error constraints; (b) centripetal acceleration constraints 
Aside from the geometric constraints, centripetal 
acceleration at the sharp corners should also be constrained in 
order to guarantee good dynamics performance (Fig. 2(b)) 
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If the maximum limited centripetal acceleration is limitA ˈ
then the tangential feedrate should satisfy the following 
relation considering that limitA Ad . 
 
limitf AUd  (11) 
 
Thus, the actual feedrate at transition corners should satisfy 
the co-constraints of both Eq.(9) and Eq. (11), i.e. 
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where df  is the nominal feedrate set by the users. 
Considering that the sharp corners occur at the junctions 
between different blocks, so only the feedrates at the junctions 
need to be restricted, the specific equation has been provided 
in Eq. (12). Based on the preset nominal feedrate, acceleration 
and jerk limitations, the path length  l t  for the time stamp t  
is evaluated based on the trapezoidal acceleration profile, 
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details of which can be found in [2, 15]. Once  l t  has been 
evaluated, the corresponding interpolated position commands 
can be fast calculated. If  l t  lies on the spline segments, the 
corresponding spline parameter  u t  is first calculated based 
on Eq. (5), then  u t  is substituted into Eq. (1) to calculate 
the corresponding interpolated position commands  tP . 
Otherwise, if  l t  lies on the linear segments, the 
corresponding interpolated position commands  tP  can be 
calculated directly by substituting the path length information 
into Eq. (7).  
3. Simulations and experiments 
Simulations and experiments are performed to verify the 
effectiveness of the proposed interpolation algorithm by a fan-
shaped spatial trajectory. 
The position error tolerance in the corner smoothing 
process is chosen as limit 0.1mmH  , the chord error tolerance 
in the interpolation process is chosen as limit 0.001c mm , and 
the centripetal acceleration limit is chosen as 
2
limit 1000A mm s . The fan-shaped trajectories before and 
after corner smoothing are shown in Fig. 3. From the 
simulation results shown in Fig. 4 and Fig. 5, it can be seen 
that both chord errors and accelerations along the whole 
trajectory are effectively constrained. 
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Fig. 3 The fan-shaped trajectory used in tests 
 
Fig. 4 Chord error of the fan-shaped trajectory 
 
Fig. 5 Acceleration of the fan-shaped trajectory 
The proposed interpolation algorithm is experimentally 
verified on an in-house developed three-axis experiment 
platform (Fig. 6). All three axes are driven by AC 
servomotors with built-in current control loops. The position 
loops are controlled with 1 millisecond discrete time intervals 
by PID controller embedded in the in-house developed open 
and modular CNC system based on dSPACE. The control 
structure is also presented in Fig. 6. 
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Fig. 6 The in-house developed three-axis experiment platform 
The tangential feedrates of the same fan-shaped trajectory 
with and without corner smoothing are compared in Fig. 7. It 
can be seen that the machining efficiency is almost improved 
2.5 times after corner smoothing. For the tool path without 
corner smoothing, the feedrate needs to be decelerated to zero 
at every corner composed by two liner segments in order to 
guarantee continuous velocity commands of each axis. If the 
linear segment is short, the feedrate cannot be accelerated to 
its nominal value set by the user. However, for the trajectory 
with corner smoothing, the feedrate does not need to be 
decelerated to zero because the whole trajectory is C3 
continuous, while the only constraint is that the feedrate at 
spline corners should satisfy the chord errors and centripetal 
acceleration limitations as Eq. (12). Thus, the feedrate of the 
corner smoothed trajectory has a potential to be accelerated to 
a higher value than the unsmoothed one, and naturally has 
higher machining efficiency. 
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Fig. 7 Tangential feedrate of the fan-shaped trajectory with and without 
corner smoothing 
4. Conclusion 
This paper proposed a two-stage interpolation algorithm 
for corner smoothing trajectories. The relation of spline 
parameters and spline lengths was approximated by 7th order 
polynomial splines under preset tolerance in the off-line 
preprocessing stage. Then the interpolated drive commands 
were generated in the on-line interpolation stage, where chord 
errors and centripetal accelerations at transition corners were 
constrained. Simulation results with a fan-shaped trajectory 
showed that both the chord errors and the centripetal 
accelerations were well constrained along the whole 
trajectory. Meanwhile, the CNC machining efficiency of the 
corner smoothed trajectory was improved 2.5 times when 
compared with the unsmoothed one. 
It must be pointed out that although the final trajectory 
interpolation can be realized in the on-line stage, the path 
lengths are still needed to prepare through off-line calculation. 
Calculation efficiency improvement of the inserted spline 
lengths will be studied in the authors’ future work, and the 
complete on-line trajectory interpolation is expected. 
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